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In general relativity, an inertial frame can only be established in a small region of spacetime,
and locally inertial frames are mathematically represented by a tetrad field in gravity. The tetrad
field is not unique due to the freedom to perform Lorentz transformations in locally inertial frames,
and there exists freedom to choose the locally inertial frame at each spacetime. The local Lorentz
transformations are known as non-Abelian gauge transformations for the tetrad field, and to fix
the gauge freedom, corresponding to the Lorentz gauge ∂µAµ = 0 and Coulomb gauge ∂
i
Ai = 0
in electrodynamics, the Lorentz gauge and Coulomb gauge for the tetrad field are proposed in the
present work. Moreover, properties of the Lorentz gauge and Coulomb gauge for tetrad field are
discussed, which show the similarities to those in electromagnetic field.
PACS numbers: 04.20.Cv, 11.15.-q
Introduction.— Spacetime is flat in special relativity,
and a globally inertial frame (GIF) can always be estab-
lished. Any observer with a constant three-velocity in
GIF is an inertial observer, and the laws of physics look
the same to all such observers. In general relativity, one
main issue, that no unique globally inertial frame can be
established, arises from flat to curved spacetime. How-
ever, in small regions of spacetime, the spacetime looks
approximately flat, and the freely falling observers, who
perform physics experiments in small regions of space-
time around them, would see that physics is approxi-
mately the same as that seen by an inertial observer in
flat spacetime. Therefore, to retain the notation of iner-
tial frames, one can define locally inertial frames (LIFs)
in the small enough regions of spacetime, and they can-
not be globally extended throughout the spacetime.
The LIFs are described by the tetrad field [1, 2], which
will be briefly discussed later. The freedom of tetrad
field due to the local Lorentz transformations (LLTs)
provides different LIFs at the same spacetime point, and
the choice of a LIF at the same spacetime point is ac-
cordingly quite arbitrary. In the view of gauge theory,
the Lorentz transformations play the role of gauge trans-
formations. The redundant gauge freedoms compensate
elegant mathematical expressions, but meanwhile, result
in the obstacle to identify the real physical degrees of
freedom. In electrodynamics, the vector potential Aµ is
used to describe the massless photon, where the Lorentz
gauge ∂µAµ = 0 and Coulomb gauge ∂iAi = 0 can both
remove certain degrees of the gauge freedom. Lorentz
gauge, however, leaves some degrees of unphysical free-
dom, while Coulomb gauge is sufficient to specify the
two physical degrees of photon’s polarization. Similar to
that in electrodynamics, the Coulomb gauge for gravity
in weak field approximation was proposed and discussed
in Refs. [3].
Due to the freedom to the local choice of inertial frame
in curved spacetime, there is no way to determine the
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same direction of the LIFs at two separated spacetime
points. This is a dramatic problem, for instance, the spin
entanglement state shared by two separated parties has
an ambiguous meaning in curved spacetime. To overcome
this issue, a gauge condition can be introduced to remove
the degrees of freedom as usual in gauge theory, and an
appropriate gauge condition leaving only physical free-
dom is further appreciated. In this paper, corresponding
to that in electrodynamics, we investigate the Lorentz
gauge and Coulomb gauge for tetrad field, and the prop-
erties of the two gauge conditions will be discussed.
Mathematical representation of LIFs.— In general rel-
ativity, spacetime is a four-dimensional Lorentzian mani-
foldM with metric tensor gµν(x), and the tangent space
TxM at some point x ∈ M is spanned by the natural
basis {eµ = ∂/∂xµ}. LIFs can be mathematically repre-
sented by a tetrad field e µα (x) [1, 2], which gives a set of
orthonormal basis vectors of a LIF, say
eαˆ = e
µ
α ∂µ {e µα } ∈ GL(4,R). (1)
{eαˆ} are usually called non-coordinate bases, and the or-
thonormality is satisfied by
g(eαˆ, eβˆ) = gµνe
µ
α e
ν
β = ηαβ , (2)
where ηαβ = diag(−1, 1, 1, 1) is Minkowski metric. [In
this paper, for tetrad field, Greek indices α, β, γ, δ, ...
run over the four spacetime inertial coordinate labels, µ,
ν, κ, λ, ... run over the four coordinate labels in general
coordinate, Latin indices run from 1 to 3, and repeated
indices are summed over]. As stressed before, the LIF at
a point is not unique, and a Lorentz transformation Λ(x)
can give another tetrad field
e′
µ
α = e
µ
β (Λ
−1)
β
α, (3)
and new orthogonal basis
e′αˆ = e
′ µ
α ∂µ = eβˆ(Λ
−1)
β
α. (4)
It can be easily checked that the orthonormality of the
basis are preserved by the Lorentz transformation, as re-
quired.
2Actually, a non-coordinate basis at each spacetime
point spans a vector space with the Minkowski metric
ηαβ . In the language of differential geometry, the tetrad
fields in the spacetime constitute a fiber bundle with
Minkowski space a fiber space at each spacetime point,
and the Lorentz group SO(1, 3) is the structure group.
Lorentz connection one-form.— A connection is re-
quired to define a covariant derivative in curved space-
time, such as the affine connection in the general coor-
dinate. For instance, the covariant derivative of a vector
V = V µ∂µ is
∇V = ∇νV µdxν ⊗ ∂µ,
where the components are
∇νV µ = ∂νV µ + ΓµνλV λ, (5)
with Γµνλ the Levi-Civita connection coefficients. The
vector V can also be expressed as V µ = e µα V
α in LIF,
and the covariant derivative can be rewritten as
∇νV µ = ∇ν(e µα V α) = ∂ν(e µα V α) + Γµνλ(e λα V α),
= e µα
[
∂νV
α + (eαλ∂νe
λ
β + e
λ
β e
α
σΓ
σ
νλ)V
β
]
.(6)
Introducing
ω αν β = e
α
λ∂νe
λ
β + e
λ
β e
α
σΓ
σ
νλ, (7)
one has
∇νV µ = e µα DνV α = e µα
(
∂νV
α + ω αν βV
β
)
, (8)
where
DνV α ≡ ∂νV α + ω αν βV β (9)
are the components of the covariant derivative of a vector
V = V αeαˆ in LIF
DV = DνV αdxν ⊗ eαˆ. (10)
The matrix elements ω αµ β ≡ (ωµ)αβ are the Lorentz (or
spin) connection coefficients, and ω αβµ = −ω βαµ . One
can further define ω = ωµdx
µ as a Lie-algebra-valued
connection one-form, since ωµ is an element of the Lie
algebra so(1, 3), and transforms as a vector under a gen-
eral coordinate transformation x′µ = x′µ(x),
ω′µ(x
′) =
∂xν
∂x′µ
ων(x). (11)
Under a LLT e′α(x) = eβˆ(Λ
−1)
β
α, however, Lorentz con-
nection transforms inhomogeneously
ω′µ(x) = Λ(x)ωµ(x)Λ
−1(x) + Λ(x)∂µΛ
−1(x). (12)
For the details of tetrad field and Lorentz connection, see
appendix J of Ref. [1].
Lorentz gauge and Coulomb gauge for tetrad fields.—
To obtain the gauge condition for tetrad field, we first
briefly review the Lorentz gauge in electrodynamics.
Maxwell’s theory of electromagnetism is described by the
U(1) gauge group, and the connection one-form, physi-
cally representing the photon, is
A = Aµdxµ, (13)
where Aµ is the vector potential in electrodynamics.
Then, one may naively guess the Lorentz gauge for tetrad
field is ∂µωµ = 0, corresponding to ∂
µAµ = 0 in electro-
dynamics, and this obviously does not work for tetrad
field. For one thing, the base manifold in Maxwell’s the-
ory is a flat spacetime, while the one in tetrad field is
a curved spacetime, and the ordinary derivative should
be replaced by the covariant one. For another, the con-
nection ωµ is an element of Lie algebra so(1, 3), and the
derivative could be further amended to be the gauge-
covariant derivative in adjoint representation. To see how
to construct the corresponding Lorentz gauge condition,
we will further see the Maxwell’s theory more mathemat-
ically in the following.
With the connection one-form in Eq. (13), the field
strength for Maxwell’s theory of electromagnetism can
be introduced
F ≡ dA = 1
2
Fµνdxµ ∧ dxν
= (∂µAν − ∂νAµ)dxµ ⊗ dxν , (14)
and the Bianchi identity
dF = 0 (15)
reduces to two of the Maxwell’s equations,
∂ ×E + ∂B
∂t
= 0, ∂ ·B = 0. (16)
For the other two of Maxwell’s equations (with ε0 = µ0 =
1)
∂ ×B − ∂E
∂t
= j, ∂ ·E = ρ, (17)
where ρ and j is the electric charge density and electric
current density, respectively, to obtain the compact ex-
pressions corresponding to Eq. (15), the adjoint of the
exterior derivative (codifferential operator) in the four-
dimensional Lorentzian manifold should first be intro-
duced, say
d† = ∗d∗, (18)
where ∗ is the Hodge operator [2]. Therefore, d†F =
∂µFµνdxν , and Eq. (17) can be straightforwardly rewrit-
ten as
d†F = j, (19)
with the one-form j = −ρdt + j · dx. Furthermore, the
Lorentz gauge ∂µAµ = 0 in electrodynamics now can be
expressed as
d†A = 0 (20)
3and mathematically, the corresponding Lorentz gauge
condition for tetrad field is
D
†ω = 0, (21)
where D = d + [ω, ] is the gauge-covariant derivative
in adjoint representation, and D† = ∗D∗ is the codiffer-
ential operator for the four-dimensinal Lorentzian mani-
fold here. To make Eq. (21) more explicit, we first come
to the action of D† on a Lie-algebra-valued one-form
̟ = ̟µdx
µ,
D
†̟ = ∗D ∗ (̟µdxµ)
= ∗D
(√
g
3!
̟µg
µλǫλν2ν3ν4dx
ν2 ∧ dxν3 ∧ dxν4
)
= ∗ 1
3!
Dν
(√
ggµλ̟µ
)
ǫλν2ν3ν4dx
ν ∧ dxν2 ∧ dxν3 ∧ dxν4
= ∗Dν
(√
ggµν̟µ
)
g−1dx1 ∧ dx2 ∧ dx3 ∧ dx4
=
1√
g
Dν
(√
ggµν̟µ
)
=
1√
g
∂ν
(√
ggµν̟µ
)
+ gµν [ων , ̟µ]
= gµν∇µ̟ν + gµν [ωµ, ̟ν ] (22)
with g = |det gµν |, and then the Lorentz gauge in Eq. (21)
becomes
gµν∇µων = 0. (23)
According to the relationship between Lorentz gauge
∂µAµ = 0 and Coulomb gauge ∂iAi = 0 in electrody-
namics, the Coulomb gauge for the tetrad field can be
correspondingly generalized as
gij∇iωj = 0. (24)
Remarks and discussion.— (i) Parallelly to Maxwell’s
equations (16) and (17) in electrodynamics, one may
wonder analogical equations for tetrad field in gravity.
We would first come to the field strength of tetrad field
R ≡ Dω = dω + ω ∧ ω = 1
2
Rµνdxµ ∧ dxν , (25)
where Rµν are the Lie-algebra-valued components of the
field strength
Rµν = ∂µων − ∂νωµ + [ωµ, ων ], (26)
and we can also have the curvature two-form Rαβ =
1
2
Rαβµνdx
µ ∧ dxν . With Eq. (25), the Bianchi identity
again gives DR = 0, reducing to
dR+ ω ∧R−R ∧ ω = 0, (27)
which is the analogical equation to Eq. (16). It is a little
more complicated to reach the similar results in Eq. (17),
and before that, one may homoplastically have
D
†R = (∇µRµν + [ωµ,Rµν ])dxν . (28)
Further consider the Einstein’s equation
Rαµ = 8πG(T
α
µ −
1
2
Teαµ), (29)
with Rαµ = R
αβ
µνe
ν
β the Ricci tensor, T = g
µνTµν the
trace of energy-momentum tensor T µν , and G Newton’s
constant of gravitation, and one can obtain
D
†R = −4πGdT , (30)
or, more explicitly
∇µRµν + [ωµ,Rµν ] = −4πG∂νT , (31)
with the matrix elements T αβ = Tδαβ. This plays the
role of dynamics equation for Lorentz connection ωµ(x)
of tetrad field.
(ii) Fermi-Walker transport is usually employed to de-
fine the LIFs in general relativity, and the LIFs are estab-
lished by parallel transport of the non-coordinate bases
in curved spacetime [4]. The LIF of an observer in curved
spacetime is then generally dependent on the path along
which the non-coordinate bases are transported, for in-
stance, the z axes of LIFs at the same spacetime point
could be different for the observers come along different
path. More seriously, a locally-defined physical object,
such as a localized qubit state, at a spacetime can not
be defined unambiguously as the LIFs are dependent on
the observer’s path, and this seems to be “weird”. How-
ever, if a gauge condition is carefully chosen, and the
gauge freedom of the tetrad fields is fixed, the LIF at
each spacetime point can be unique up to a global gauge
transformation. The LIFs now are independent on the
observer’s path, and one has a path-independent way
of constructing “global” LIFs. Subsequently, the local
physical object can be unambiguously defined with the
“global” LIFs.
(iii) To determine the LIFs in the curved spacetime, the
sixteen functions e µα (x) of tetrad field should be fixed.
The orthonormality condition in Eq. (2) represents ten
constrains on the tetrad field, so there are only six de-
grees of freedom for the tetrad field, which are exactly
the three degrees of pure boosts and three degrees of
the spatial rotations for the gauge transformation Λ(x).
As the Lorentz connection ωµ(x) is an antisymmetric
matrix, both the Lorentz gauge and Coulomb gauge in
Eq. (23) and Eq. (24) exactly contain six constrains, and
roughly speaking, seem to fix the gauge transformation
completely. More rigorously, under a gauge transforma-
tion in Eq. (12), to preserve Lorentz gauge condition in
Eq. (23), it is required that
gµν∇µ(Λ∂νΛ−1) + gµν [ΛωµΛ−1,Λ∂νΛ−1] = 0. (32)
Obviously, the solution for the gauge transformation Λ(x)
satisfying the equation above is not unique, at least for
some simple cases. Therefore, the Lorentz gauge for
tetrad field does not fix the gauge completely in general,
and the same result holds for Coulomb gauge. Never-
theless, the degrees of freedom unconstrained by the two
4gauges in tetrad field should have different meanings as in
the electrodynamics, but it is difficult to completely clar-
ify the differences due to the complication from Abelian
to non-Abelian gauge theory, and only a brief discussion
about this is provided in the next.
(iv) In a static case, Lorentz gauge ∂µAµ = 0 coincides
with Coulomb gauge ∂iAi = 0 in electrodynamics, but
for tetrad field in gravity, one does not have the same re-
sult. For the spacetime with static metric, Lorentz gauge
in Eq. (23) reduces to gi0∇iω0−g0µΓν0µων+gij∇iωj = 0,
and it is different from Coulomb gauge in Eq. (24) by a
term gi0∇iω0 − g0µΓν0µων . Moreover, Lorentz gauge for
tetrad field is invariant under a general coordinate trans-
formation in Eq. (11), while Coulomb gauge is not, and
only invariant under a spatial coordinate transformation.
These show that the two gauge conditions undoubtedly
have distinct properties for tetrad field as well, and one
may wonder which is the preferred option in relevant
physics problems. Illuminated by the gauge theory of
electromagnetism and the proposals in the previous rel-
evant works [3, 5, 6], it is reasonable to choose Coulomb
gauge as the physical gauge condition. Specifically, the
non-coordinate basis {eαˆ} obeys
DµDνeαˆ =
[
(∇µων + ωµων)
]β
α
e
βˆ
. (33)
Denote e = (e0ˆ, e1ˆ, e2ˆ, e3ˆ), and in Lorentz gauge,
gµνDµDνe− egµνωµων = 0, (34)
while in Coulomb gauge, one has
gijDiDje− egijωiωj = 0. (35)
Comparing Eq. (35) with Eq. (34), it shows that, for
Coulomb gauge, the non-coordinate basis {eαˆ} is non-
dynamic and instantaneously does not propagate in
spacetime, which means the inertial effects from the free-
dom of tetrad field are absent, leaving only the gravita-
tional effects on the LIFs. As a result, established by the
tetrad field under Coulomb gauge, the LIF stands a good
chance to have advantages over the other ones, and this
will be our further investigation elsewhere.
(v) In gauge theory, the decomposition of gauge poten-
tial plays an important role in both theoretical physics
and mathematics [7], and recently, a gauge decomposi-
tion approach was proposed to find a gauge-covariant
description of the gluon spin and orbital angular momen-
tum in Ref. [5], and further developed in Ref. [6]. It is
a familiar practice to decompose the Lorentz connection
into the physical part and pure-gauge part. Mathemati-
cally, one can have the separation ωµ(x) = ωˆµ(x)+ω¯µ(x),
with ωˆµ(x) the physical part while ω¯µ(x) the pure-gauge
part, and under the gauge transformation in Eq. (12),
ωˆ′µ(x) = Λ(x)ωˆµ(x)Λ
−1(x), (36a)
ω¯′µ(x) = Λ(x)ω¯µ(x)Λ
−1(x) + Λ(x)∂µΛ
−1(x). (36b)
The equations to define the decomposition can be analo-
gously constructed as
gij∇iωˆj + gij [ω¯i, ωˆj] = 0, (37a)
∂µω¯ν − ∂ν ω¯µ + [ω¯µ, ω¯ν] = 0. (37b)
Conclusions and summaries.— The gauge aspect of
tetrad field in gravity is investigated in this work, and
Lorentz gauge and Coulomb gauge are proposed and dis-
cussed in the non-Abelian gauge theory of tetrad field.
Though the two gauge conditions are much more com-
plicated than those in the U(1) gauge theory, some anal-
ogous features comparing with electromagnetic field are
revealed in our discussions. Coulomb gauge is more likely
to be the physical gauge, and it is preferable to fix the
tetrad field. Some related problems are still worth in-
vestigations. The applications of the gauge condition in
physics are of particular interest and significance, and the
details are our further considerations.
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